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CONJECTURE A AND µ-INVARIANT FOR SELMER GROUPS OF
SUPERSINGULAR ELLIPTIC CURVES
PARHAM HAMIDI AND JISHNU RAY
ABSTRACT. Let p be an odd prime and let E be an elliptic curve defined over a
number field F with good reduction at primes above p. In this survey article, we give
an overview of some of the important results proven for the fine Selmer group and
the signed Selmer groups over cyclotomic towers as well as the signed Selmer groups
over Z2p-extensions of an imaginary quadratic field where p splits completely. We
only discuss the algebraic aspects of these objects through Iwasawa theory. We also
attempt to give some of the recent results implying the vanishing of the µ-invariant
under the hypothesis of Conjecture A. Moreover, we draw an analogy between the
classical Selmer group in the ordinary reduction case and that of the signed Selmer
groups of Kobayashi in the supersingular reduction case. We highlight properties of
signed Selmer groups (when E has good supersingular reduction)which are completely
analogous to the classical Selmer group (when E has good ordinary reduction). In
this survey paper, we do not present any proofs, however we have tried to give
references of the discussed results for the interested reader.
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INTRODUCTION
Classical Iwasawa theory began from the work of Iwasawawho explored the growth
of ideal class groups in towers of number fields. Iwasawa theory for elliptic curves,
This work is supported by grants from the University of British Columbia and PIMS-CNRS
research grant.
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which shares many of its fundamental ideas with classical Iwasawa theory, deals
with the arithmetic of elliptic curves over various infinite extensions. Among the
main objects of study in Iwasawa theory are Selmer groups of the Galois representations
attached to the elliptic curves and a prime p. Over the cyclotomic Zp-extension of
a number field, when the Galois representation (or equivalently, the elliptic curve)
has good ordinary reduction over a prime p, then the Pontryagin dual of the Selmer
group is conjectured to be a finitely generated torsion module over the Iwasawa
algebra of a p-adic Lie group of dimension 1 (cf. Mazur’s Conjecture 6.1). This
Conjecture has been proved by Kato for elliptic curves over Q and for the cyclotomic
Zp-extension Qcyc of Q.
Mazur’s Conjecture can be generalized for arbitrary p-adic Lie extensions provided
the elliptic curve has good ordinary reduction at p. Given a compact p-valued
p-adic Lie group, the corresponding Iwasawa algebra admits a nice structure theory
for finitely generated torsion modules (up to pseudo-isomorphism) (cf. [CSS03b]).
Therefore, the dual Selmer group enjoys important algebraic properties, and in the
ordinary reduction case, it has been studied extensively.
When the elliptic curve has good supersingular reduction at primes over p, however,
the Pontryagin dual of the Selmer group, even though still finitely generated, is not a
torsion module over the corresponding Iwasawa algebra. In fact, it is shown to have
positive rank [CS10, Theorem 2.6] for the cyclotomic Zp-extension and it is believed
to be true more generally.
Nevertheless, this problem can be partially addressed if we focus our attention to
certain subgroups of the Selmer groups. The signed Selmer groups, which were
first introduced by Kobayashi (in [Kob03]), are subgroups of Selmer groups and
the emerging picture seems to be that the signed Selmer groups enjoy many of the
properties in the supersingular case that are enjoyed by the Selmer groups in the
ordinary case. This survey intends to give evidence for this claim.
Over the cyclotomic Zp-extension Qcyc/Q, the dual of the signed Selmer groups
(often called plus/minus Selmer groups) are finitely generated torsion modules over
the Iwasawa algebra of Gal(Qcyc/Q). In [CS05], Coates and Sujatha considered the
notion of the fine Selmer group, which is a subgroup of the signed Selmer groups.
Therefore, the Pontryagin dual of fine Selmer is a finitely generated module over
the the corresponding Iwasawa algebra. They conjectured that the µ-invariant of the
dual fine Selmer is zero; this is known as Conjecture A to Iwasawa theorists.
Thus, we are left with four finitely generated torsion modules, viz. dual fine Selmer,
dual plus and minus Selmer, dual of the torsion submodule of the Selmer. This
article attempts to bring in light the connections between µ-invariant of these torsion
modules.
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This article is organized as follows. In Section 1, we define the Selmer group, the fine
Selmer group and the signed Selmer groups over cyclotomic towers as well as the
signed Selmer groups over a Z2p-extension of an imaginary quadratic field where p
splits completely.
In Section 2, we give some of the definitions that we will use in the rest of this article,
such as the Iwasawa algebra, pseudo-nullity, and the Euler characteristic. We discuss
the structure theorem and use it to define the µ-invariant and the characteristic
polynomial of a finitely generatedmodule over a given Iwasawa algebra. Furthermore,
we recall Conjecture A and discuss how it is related to Iwasawa µ-invariant conjecture
over cyclotomic extensions. We finish Section 2 by describing what is known as
Iwasawa main conjecture which beautifully relates an algebraically defined object to
an analytically defined one both coming from the arithmetic of number fields.
Then, in Section 3, we recall some of the most important results proved so far for
the signed Selmer groups over the cyclotomic Zp-extension and Z
2
p-extensions. We
note an exact sequence, due to Kobayashi [Kob03], connecting the fine Selmer group
with that of the signed Selmer groups. This exact sequence can be thought of as
a tool to transport information from the fine Selmer group (like Conjecture A or
its dual being torsion) to the signed Selmer groups. Moreover, we talk about how
the Euler characteristic varies as we climb up the Iwasawa theoretic tower from the
cyclotomic Zp-extension to a Z
2
p-extension; this is a result of Lei and Sujatha [LS19]
(see Theorem 3.18).
In Section 4, over a cyclotomic Zp-extension, when the elliptic curve has supersingular
reduction at primes above p, we explain howConjecture A implies that the µ-invariant
attached to the torsion part of the dual Selmer group is zero. To show this, we
use important results proved by Billot [Bil86] and then generalized by Wingberg
[Win89].
Our goal in Section 5 is to give another view of Kobayashi’s signed Selmer groups
for the cyclotomic Zp-extension. Lei, Loeffler and Zerbes [LLZ11], [LZ12] have
redefined Kobayashi’s signed Selmer groups using Fontaine’s p-adic Hodge theory
and Fontaine’ ring E˜ (cf. see [LZ12, Sec. 2.1]). Recently, Scholze realized that the
Fontaine’s ring E˜ is the tilt of the perfectoid field ̂Qp(µp∞). In Section 5, we start by
recalling the notion of perfectoid spaces of Scholze [SW18] which gives a geometric
understanding of Fontaine’s p-adic Hodge theory and Fontaine–Winterberger Theorem
[FW79b]. Then, we use the language of perfectoids to give the definition of signed
Selmer groups. Since the titling construction of Scholzeworks for any general perfectoid
field, this poses a natural open question of whether it is possible to define signed
Selmer groups for more general p-adic Lie extensions using Scholze’s construction
of perfectoid fields.
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Finally, in Section 6, we turn our attention to elliptic curves with good ordinary
reduction at p andwe list some properties of the dual Selmer group that are analogous
to the case of signed Selmer groups in the supersingular reduction case. To finish, we
pose two questions that remain open for elliptic curves with supersingular reduction
concerning signed Selmer groups and their µ-invariants, while their analogue holds
for Selmer groups in the ordinary reduction case.
1. DEFINITIONS OF SELMER, SIGNED SELMER, AND FINE SELMER GROUPS
Let p be an odd prime. Let F be a number field, F′ be a subfield of F, and E/F′ be an
elliptic curve with good reduction at all primes above p. Let S be the (finite) set of
primes of F′ above p and the primes where E has bad reduction.
1.1. Selmer group. Let Fcyc be the cyclotomic Zp-extension of F, and let Γ denote
Gal(Fcyc/F) which is topologically isomorphic to Zp. For each integer n ≥ 0, let Fn
be the sub-extension of Fcyc such that Fn is a cyclic extension of degree p
n over F. The
p-Selmer group over Fn is defined by the sequence
0→ Selp(E/Fn) → H
1(Fn, Ep∞)→ ∏
w
H1(Fn,w, E),
where w runs over all finite primes of Fn and Fn,w is the completion of Fn at prime w.
For v ∈ S, we let
Jv(E/Fn) :=
⊕
w|v
H1(Fn,w, E)(p) ∼=
⊕
w|v
H1(Fn,w, Ep∞)
E(Fn,w)⊗Qp/Zp
,
where the isomorphism is due to the Kummer map (c.f. [CS10, Section 1.6]). Then,
we have an exact sequence1
(1.1) 0→ Selp(E/Fn)→ H
1(FS/Fn, Ep∞)
λn−→
⊕
v|S
Jv(E/Fn).
1We refer the reader to [CS10, Sections 1.7 and 2.2] for more details about the equivalent definitions
of the Selmer group.
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Here FS is the maximal extension of F unramified outside S and λn is consists of
localization maps. Here, the choice of S implies that Fcyc ⊂ FS.
FS
Fcyc
...
Fn
...
F
F′
GS(F)
Γ≃Zp
Zp/p
nZp
We define
Selp(E/Fcyc) := lim−→
n
Selp(E/Fn),
and we obtain the following exact sequence by taking the direct limit of the exact
sequence (1.1) over intermediate field extensions Fn
0→ Selp(E/Fcyc) → H
1(FS/Fcyc, Ep∞)
λcyc
−−→
⊕
v|S
Jv(E/Fcyc).
Definition 1.1. Suppose K is a p-adic Lie extension of F′. The p-Selmer group over K is
Selp(E/K) := Ker
(
H1(K, Ep∞)→ ∏
w
H1(Kw, E)
)
,
where w runs over all finite primes of K and Kw is the union of the completions at w of all
finite extensions of F′ contained in K.
It is not hard to see that
Selp(E/K) = lim−→
L
Selp(E/L)
where L runs over all finite extensions of F′ contained in K.
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1.2. Signed Selmer groups over cyclotomic extension. We write Sssp to be the set
of primes of F′ lying above p where E has supersingular reduction. Let F′v be the
completion of F′ at a prime v ∈ Sssp with the residue field k
′
v. Let E˜(k
′
v) be the
k′v-points of the reduction of E at place v. We assume the following:
(i) Sssp 6= ∅;
(ii) For all v ∈ Sss we have that F′v, the completion of F
′ at v, is Qp;
(iii) av = 1+ p− #E˜(k
′
v) = 0;
(iv) v is unramified in F.
Let Sssp,F denote the set of primes of F above S
ss. Note that every ptime v ∈ Sssp,F is
totally ramified in the extension Fcyc/F and therefore there exists a unique prime in
Fn for each prime v ∈ Sssp,F. Let Fn,v be the completion of Fn at the unique prime
over v ∈ Sssp,F. For every v ∈ S
ss
p,F, following Kobayashi [Kob03] and Kitajima-Otsuki
[KO18], we define
E+(Fn,v) = {P ∈ Eˆ(Fn,v) | Tracen/m+1P ∈ Eˆ(Fm,v) for all even m, 0 ≤ m ≤ n− 1},
(1.2)
E−(Fn,v) = {P ∈ Eˆ(Fn,v) | Tracen/m+1P ∈ Eˆ(Fm,v) for all odd m,−1 ≤ m ≤ n− 1}.
(1.3)
Here Tracen/m+1 is the trace map from Eˆ(Fn,v) to Eˆ(Fm+1,v). For all n ≥ 0, we define
Epn+1 = Ker
(
E(Q)
pn+1
−−→ E(Q)
)
,
Ep∞ = ∪n≥0Epn+1 .
Identifying E±(Fn,w) ⊗ Qp/Zp with a subgroup of H1(Fn,w, Ep∞) via the Kummer
map, we may define the local terms
J±v (E/Fn) =
⊕
w|v
H1(Fn,w, Ep∞)
E±(Fn,w)⊗Qp/Zp
.(1.4)
Definition 1.2. The plus and minus Selmer groups over Fn are defined by
Sel±p (E/Fn) = ker
Selp(E/Fn)→ ⊕
v∈Sssp,F
J±v (E/Fn)
 .
The plus and minus Selmer groups over Fcyc are obtained by taking direct limits
Sel±p (E/Fcyc) = lim−→
n
Sel±p (E/Fn).
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1.3. Signed Selmer groups over aZ2p-extension. Suppose F is an imaginary quadratic
field where p splits completely. Let F∞ denote the compositum of all Zp-extensions
of F. By Leopoldt’s Conjecture we know that G = Gal(F∞/F) ≃ Z2p, which implies
that F∞ over Fcyc is a Zp-extension. Let v be a place of F and w be a place of F∞
above v. If v | p, then Fv ≃ Qp and F∞,w is an abelian pro-p extension over Fv and
Gal(F∞,w/Fv) ≃ Z2p. Under this setting, it is possible to define the plus and minus
norm groups E±(F∞,w) ⊂ Eˆ(F∞,w) via Trace maps as in (1.2) and (1.3) (cf. Section 5.2
of [LS19] which is a generalization of a construction by Kim [Kim14]). Similar to the
above construction, we may define the local terms
J±v (E/F∞) =
⊕
w|v
H1(F∞,w, Ep∞)
E±(F∞,w)⊗Qp/Zp
.(1.5)
Definition 1.3. Retain the settings described above. The plus and minus Selmer groups over
Z2p-extension F∞ are defined by
(1.6) Sel±p (E/F∞) = ker
Selp(E/F∞) → ⊕
v∈Sssp,F
J±v (E/F∞)
 .
Here the (classical) Selmer group Selp(E/F∞) is defined by taking inductive limit of
Selmer groups over all finite extensions contained in the p-adic Lie extension F∞.
1.4. Fine Selmer groups. The fine Selmer group of an elliptic curve over a number
field is a subgroup of the Selmer group. The fine Selmer group is obtained when we
impose extra stronger conditions at the primes above p on the sequence defining the
Selmer groups.
Definition 1.4. The fine Selmer group of E/F′ over a number field L/F′ is
Sel0p(E/L) := Ker
(
H1(L, Ep∞) → ∏
ν
H1(Lν, Ep∞)
)
,
where ν runs over all places of L and Lν is the completion of L at ν. Let
Sel0p(E/Fcyc) := lim−→
n
Sel0p(E/Fn).
When K is a p-adic Lie extension of F′, then
Sel0p(E/K) = lim−→
L
Sel0p(E/L)
where L runs over all finite extensions of F′ contained in K.
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Remark 1.5. We can turn the direct product in the above definition 1.4 into a direct
sum in the following way. Let S be the set of primes of F′ above p and the primes
where E has bad reduction. Let GS(L) = Gal(LS/L) where LS denote the maximal
extension of L unramified outside of S and the archimedean primes of L. Then, the
above definition becomes (cf. [CS05] for more details):
Sel0p(E/L) := Ker
(
H1(GS(L), Ep∞ )→
⊕
ν∈S
Kν(L)
)
,
where
Kv(L) =
⊕
ω|ν
H1(Lω , Ep∞).
2. PRELIMINARIES OF IWASAWA THEORY
2.1. Iwasawa Algebra.
Definition 2.1. Let G as be a compact p-adic Lie group. We define the Iwasawa algebra
of G, denoted by Λ(G), to be the completed group algebra of G over Zp. That is
Λ(G) = Zp[[G]] := lim←−
N⊂G
Zp[G/N],
where N runs over open normal subgroups of G.
Remark 2.2. If there exists n ≥ 1 such that the G ≃ Znp (as topological groups), then
Λ(G) is isomorphic to the ring of formal power seriesZp[[T1, · · · , Tn]], in indeterminate
variables T1, · · · , Tn.
When G = Gal(Fcyc/F) ≃ Zp (resp. G ≃ Z2p) then Λ(G) ≃ Zp[[T]] (resp. Λ(G) ≃
Zp[[T1, T2]]). In this case, Λ(G) is a commutative, regular local ring of Krull dimension
2 (resp. 3). More generally, when our Galois group G is a non-commutative, torsion-free,
compact p-adic Lie group of dimension d, then Λ(G) is a non-commutative, left and
right Noetherian local domain, and Auslander regular ring with global dimension
d+ 1 (cf. [Ven02]). This allows Λ(G) to admit a nice dimension theory for its finitely
generated modules2.
Definition 2.3. Let M be a finitely generated Λ(G)-module. Then, M is said to be pseudo-null
if
dimΛ(G)(M) ≤ dimΛ(G)(Λ(G)) − 2.
Furthermore, M is Λ(G)-torsion if
dimΛ(G)(M) ≤ dimΛ(G)(Λ(G)) − 1.
Therefore, a pseudo-null Λ(G)-module is Λ(G)-torsion.
2For information on the ring-theoretic properties of Iwasawa algebras we suggest Ardakov’s
survey paper [AB06].
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Remark 2.4. Equivalently, wheneverG is a torsion-free pro-p group, a finitely generated
Λ(G)-module M is torsion if Ext0
Λ(G)
(M,Λ(G)) = 0, and it is pseudo-null if
Exti
Λ(G)
(M,Λ(G)) = 0 for i = 0, 1.
Remark 2.5. We note that if Λ(G) is commutative, a Λ(G)-module M is pseudo-null
exactly when the annihilator ideal AnnΛ(G)(M) has height at least 2. If Γ := Gal(Fcyc/F) ≃
Zp, and hence Λ(Γ) ≃ Zp[[T]], thenwe can show that a finitely generatedΛ(Γ)-module
is pseudo-null if and only if it is finite.
Remark 2.6. For a general compact torsion-free p-adic Lie group G, a finite Λ(G)-module
is always pseudo-null but the converse is not true.
Definition 2.7. Suppose G is a compact p-adic Lie group and M is a Λ(G)-module. The
Pontryagin dual of M, denoted by M̂, is defined to be
M̂ := Hom(M,Qp/Zp),
whereHom denotes the group of continuous homomorphisms.
2.2. Euler characteristic. Suppose G = Gal(K/F), where K is a p-adic Lie extension
of a number field F. Suppose G has finite dimension d as a p-adic Lie group. Then,
provided thatG has no non-trivial p-torsion, G has p-cohomological dimension equal
to d (cf. Corollary 1 of [Ser65]).
Definition 2.8. Suppose G is a p-adic Lie group with p-cohomological dimension equal to
d. Given a discrete primary G-module M and if Hi(G,M) is finite for i = 0, · · · , d, the
G-Euler characteristic3 of M is defined to be
χ(G,M) :=
d
∏
i=0
(
#Hi(G,M)
)(−1)i
.
2.3. Structure Theorem. Suppose K/F is aZp-extension, and therefore G = Gal(K/F) ≃
Zp. Moreover, suppose M is a finitely generated Λ(G)-module. Then, the structure
of M as a Λ(G)-module is well understood up to pseudo-isomorphism.
We say that a Λ(G)-homomorphism f : M → M′ between two Λ(G)-modules M
and M′ is a pseudo-isomorphism if f has finite kernel and cokernel. We say M and
M′ are pseudo-isomorphic and we denote this by M ∼ M′. The following structure
Theorem is due to Iwasawa.
Theorem 2.9. Let M be a finitely generated Λ(G)-module. Then
M ∼ Λ(G)r ⊕
(
s⊕
i=0
Λ(G)/pniΛ(G)
)
⊕
 t⊕
j=1
Λ(G)/ f j(T)
mjΛ(G)
 ,
3For a more general see Definition 3.3.12 of [NSW08].
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where r, s, t, ni, and mj are non-negative integers and are unique up to reordering. Moreover,
f j(T) ∈ Zp[T] is an irreducible monic distinguished polynomial
4 for each j ∈ {0, · · · , t}.
Note that in Theorem (2.9), r is the rank of M as a Λ(G)-module and M is torsion if
and only if r = 0. This enables us to define some important structural invariants for
finitely generated Λ(G)-modules.
Definition 2.10. Given a M be a finitely generated Λ(G)-module. Then the characteristic
polynomial of M, denoted by charpolyG(M), is defined by
CharpolyG(M) := p
µG(M)
t
∏
j=1
f j(T)
mj ,
where µG(M) := ∑
s
i=0 p
ni and s, t, ni, and mj are as in Theorem 2.9. Moreover, the
characteristic ideal of M, denoted by CharG(M), is the principle Λ(G)-ideal generated
by CharpolyG(M)
CharG(M) := (CharpolyG(M)) Λ(G)
It turns out that the above theorem can be naturally extended to any extension
K/F with G = Gal(K/F) ≃ Znp where n ≥ 1
5. Suppose G is a pro-p, p-adic
Lie group that is topologically isomorphic to Znp for some n ≥ 1, and as a result,
Λ(G) ≃ Zp[[T1, · · · , Tn]] for indeterminate variables T1, · · · , Tn. Suppose M is a
finitely generated Λ(G)-module. Recall from the Definition 2.3 that we say M is a
pseudo-null if
dimΛ(G)(M) ≤ dimΛ(G)(Λ(G)) − 2 = (n+ 1)− 2 = n− 1
Moreover, we call aΛ(G)-homomorphism f : M → M′ between two finitely generated
Λ(G)-modules a pseudo-isomorphism if the kernel and cokernel of f are pseudo-null
Λ(G)-modules.
SupposeM is a finitely generated torsion Λ(G)-module. Let us denote the p-primary
torsion Λ(G)-submodule of M by M(p). Then, we have the following Theorem
[Bou90, Chapter VII, Section 4.4, Theorems 4 and 5]:
Theorem 2.11. Let G be a pro-p p-adic Lie group that is isomorphic to Znp for some n ≥ 1
and let M be a finitely generated torsion module over Λ(G) with no elements of order p.
Then, there exist a pseudo-isomorphism
M(p) ∼
s⊕
i=0
Λ(G)/pniΛ(G)
4A monic polynomial in Zp[T] is distinguished if p divides all of its coefficients except for the
leading one.
5When G is a non-commutative torsion-free, compact p-adic Lie group, there is a structure theory
for finitely generated torsion modules over the Iwasawa algebra Λ(G) [CSS03a].
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where n1, · · · , ns are unique up to reordering.
The µ-invariant of M, denoted by µG(M), is defined to be
µG(M) =
s
∑
i=0
ni,
where n1, · · · , ns are as in Theorem 2.11 described above.
2.4. Introduction to Conjecture A. Let F be a number field and let p be an odd
prime. Let Fcyc/F be the cyclotomic Zp-extension of F and let Γ := Gal(Fcyc/F).
Then, let Fn/F be the sub-extension of Fcyc such that
Gal(Fn/F) = Γ/Γ
pn = Z/pnZ.
Let Ln/Fn be themaximal unramified abelian p-extension of Fn (so Ln is the p-Hilbert
class field extension of Fn).
L
Fcyc
Ln
Fn
F
Γ
Note that by class field theory Gal(Ln/Fn) is isomorphic to the p-Sylow subgroup of
the ideal class group of Fn. Let L := ∪nLn, and then
X(Fcyc) := Gal(L/Fcyc)
can be given a (natural) Γ-action, and therefore it can be turned into a Λ(Γ)-module.
Iwasawa proved thatX(Fcyc) is a finitely generated torsion Λ(Γ)-module (cf. [Iwa59]).
Moreover, in his celebrated work [Iwa73], Iwasawa conjectured the following.
Iwasawa µ-invariant conjecture for cyclotomic extensions: For any number field F,
X(Fcyc) is a finitely generated Zp-module.
By structure theorem, this equivalent to say that µΓ(X(Fcyc)) = 0. We have the
following important theorem of Ferrero–Washington [FW79a].
Theorem 2.12. Iwasawa µ-invariant conjecture holds for all abelian number fields.
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Let X0(E/Fcyc) denote the Pontryagin dual of Sel
0
p(E/Fcyc). Then, we have the
following conjecture of Coates and Sujatha [CS05].
Conjecture A: For any number field F, X0(E/Fcyc) is a finitely generated Zp-module.
We note that this is equivalent toX0(E/Fcyc) being a torsion Λ(Γ)-module and having
µ-invariant equal to zero (for the definition of µ-invariant see Section 2.1).
Remark 2.13. See Section 4.2 for several examples of elliptic curves where it is shown
that Conjecture A is satisfied.
The following theorem of Coates–Sujatha [CS05, Theorem 3.4] relates Conjecture A
and the Iwasawa µ-invariant conjecture for cyclotomic field extensions of algebraic
number fields.
Theorem 2.14. Suppose E/F is an elliptic curve over a number field F. Suppose p is an odd
prime such that the field extension F(Ep∞ )/F is a pro-p extension. Then Conjecture A holds
for E over Fcyc if and only if the Iwasawa µ-invariant conjecture holds for Fcyc.
Using Theorem 2.14, Coates and Sujatha gave the following conditions for an elliptic
curve E/F to satisfy Conjecture A [CS05, Corollary 3.5].
Theorem 2.15. Suppose p is an odd prime. If there exists a finite extension L/F of F such
that
(1) L ⊂ F(Ep∞ );
(2) F(Ep∞ ) is a pro-p, and
(3) the Iwasawa µ-invariant conjecture hold for Lcyc.
Then Conjecture A holds for E over Fcyc. That is,X
0(E/Fcyc) is a finitely generatedZp-module.
Moreover, Coates and Sujatha combined the above Theorem and Theorem 2.12 to
prove [CS05, Corollary 3.6]:
Theorem 2.16. Suppose p is an odd prime and let F/Q be a number field such thatGal(F/Q)
is abelian. If Ep∞(F) 6= 0 then Conjecture A holds for E over Fcyc.
2.5. Iwasawamain conjecture. In this Section, we give a brief account of the classical
Iwasawa Main Conjecture (or IMC for short). IMC describes a striking relation
between two objects attached to number fields, a p-adic analytic object, in the form of
the values of p-adic L-functions and certain algebraically defined Iwasawa module.
Therefore, Iwasawa main conjecture gives us a bridge between algebraic treatments
of arithmetic objects and that of the analytic side. To give the statement of Iwasawa
main conjecture, we need to introduce more notations. We follow Chapter 15 of
Washington’s book [Was97].
Let p be an odd prime. Let F = Q(µp) and consider the cyclotomic extension
Q(µp∞)/Q(µp) = Fcyc/F, where µpn denotes the pn-th primitive root of unity and
Q(µp∞) = ∪n≥0Q(µpn). Let Γ = Gal(Q(µp∞)/Q(µp)). Furthermore,
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(1) Let An be the p-Sylow part of the ideal class group of Q(µpn+1) for n ≥ 0 and
A∞ := lim−→n
An.
(2) LetL be themaximal unramified abelian p-extension ofQ(µp∞) andX(Fcyc) =
Gal(L/Q(µp∞ )).
(3) Let εi denote the i
th idempotent element of Gal(Q(µp)/Q), where i is odd.
(4) Let Lp(s,ω j) be the p-adic L function forω j whereω is the Teichmüller character
at p and j 6= is even (cf. Chapter 5-7 of [Was97] for a construction p-adic L
function).
(5) Let f (T,ω j) ∈ Zp[[T]] ∼= Zp[[Γ]] be such that f (1+ p)s − 1,ω j) = Lp(s,ω j)
(cf. Chapter 13, Section 6 of [Was97]).
Then, as we discussed, X(Fcyc) is a Λ(Γ)-module and Iwasawa proved that X(Fcyc)
is finitely generated and torsion. Since F = Q(µp) is an abelian extension of Q.
Theorem 2.12 implies that µΓ(X(Fcyc)) = 0 and by the structure Theorem 2.9 we see
that
X(Fcyc) ∼
t⊕
j=1
Λ(Γ)
/
f j(T)
mjΛ(Γ)
and
CharpolyΓ(X(Fcyc)) =
t
∏
j=1
f j(T)
mj
where f j ∈ Λ(Γ) ∼= Zp[[T]] is an irreducible distinguished polynomial for each
j ∈ {1, · · · , t}, as described in structure Theorem (2.9). The (classical) Iwasawa main
conjecture was proved by Mazur and Wiles in [MW84] and it states that (cf. [Was97,
Chapter 15, Section 4, Theorem 15.14]):
Theorem 2.17. Retain the notations (1) to (5) described above. Let i be an odd integer such
that i 6= 1 (mod p− 1). Then
CharpolyΓ(εiX(Fcyc)) = f (T,ω
1−i)u(T)
where u(T) ∈ Λ(Γ)× is a unit of Λ(Γ).
The Iwasawa main conjecture was generalized (and proved in many cases) to more
general number fields and elliptic curves.
3. PROPERTIES OF FINE SELMER AND SIGNED SELMER GROUPS
Let X(E/F) denote the Pontryagin dual of Selp(E/F), where  ∈ {cyc,∞}. Then
X(E/F) is finitely generated as a Λ(G)-module, where G = Gal(Fcyc/F) if = cyc,
and G = Gal(F∞/F) if  = ∞. But unlike the ordinary case
6, it is believed (shown
for the cyclotomic Zp-extensions, see [CS10, Theorem 2.5]) to have positive rank,
6See Conjecture 6.1 for more details.
14 PARHAM HAMIDI AND JISHNU RAY
and therefore it is no longer a torsion Iwasawa module. However, the Pontryagin
dual of the signed Selmer groups Sel±p (E/F), which we denote by X
±(E/F), is
conjectured to be torsion.
3.1. Cyclotomic case. Let E be an elliptic curve over Q with good supersingular
reduction at p and suppose ap = 0. Let us denote Gal(Qcyc/Q) by Γ. Then, Kobayashi
proved that ([Kob03], Theorem 1.2):
Theorem 3.1. The dual Selmer groupX±(E/Qcyc) is a finitely generated torsionZp[[Γ]]-module.
Moreover, Kobayashi used Kato’s Euler system to prove the following theorem [Kob03,
Theorem 1.3]:
Theorem 3.2. Suppose E/Q does not have complex multiplication. Then for almost all
primes p, we have that the ideal generated by Pollack’s p-adic L-function L±p (E,X) as
Λ(Γ)-modules (see [Pol03] for more details) is contained in the characteristic ideal of the
Pontryagin dual of Sel±p (E/Qcyc). That is,
(L±p (E,X)) ⊆ CharΓ(X
±(E/Qcyc)).
The Iwasawa main conjecture predicts that this containment is an equality.
More generally, let us adapt the notations of Section 1.2. Here, F′ is a number field
and E/F′ is an elliptic curve with good reduction at all primes above p, where p is
an odd prime. Suppose F/F′ is a finite extension of F′. Then, we we have the exact
sequence
(3.1) 0→ Sel±p (E/Fcyc)→ H
1(FS/Fcyc, Ep∞)
λ±cyc
−−→ ⊕ν∈S J
±
v (E/Fcyc).
Lei and Sujatha proved the following statement ([LS19], Proposition 4.4).
Theorem 3.3. X±(E/Fcyc) is torsion as a Λ(G)-module if and only if λ±cyc is surjective in
(3.1) and H2(FS/Fcyc, Ep∞) = 0.
Remark 3.4. H2(FS/Fcyc, Ep∞) = 0 is called the weak Leopoldt’s Conjecture for Ep∞
over Fcyc. This is equivalent to say thatX
0(E/Fcyc), the Pontryagin dual of Sel
0
p(E/Fcyc),
is a finitely generated torsion Λ(Γ)-module [CS05, Lemma 3.1]. More generally, the
weak Leopoldt’s Conjecture for Ep∞ on a number field F predicts that
H2(FS/F, Ep∞ ) = 0.
Remark 3.5. Note that if Selp(E/F) is finite then Sel
±
p (E/F) is finite and the dual
signed Selmer groups X±(E/Fcyc) are Λ(Γ)-torsion (cf. Remark 4.5 of [LS19]). This
provides examples for X±(E/Fcyc) to be torsion. By the above Theorem, it also
provides examples for the weak Leopoldt’s Conjecture for Ep∞ over Fcyc.
For an elliptic curve E defined over Q, we have:
IWASAWA THEORY OF SUPERSINGULAR ELLIPTIC CURVES 15
Theorem 3.6 ([Kob03], Theorem 5.1 and Corollary 7.2). X0(E/Qcyc) is a finitely generated
torsion Λ(Γ)-module.
In the following, we give an exact sequence due to Kobayashi [Kob03] which connects
the signed Selmer groups with that of the fine Selmer group.
Let Fn = Q(ζpn+1). Let kn denote Qp(ζpn+1). Let Tp(E) be the p-adic Tate module of
elliptic curve E andVp(E) := Tp(E)⊗Qp . Suppose Sn is the set of places of Fn over S.
Gn,S := Gal(Fn,S/Fn) where Fn,S is the maximal unramified extension of Fn outside
Sn. We let
Hi/S(Tp(E)) := lim←−
n
Hi(Gn,S, Tp(E)), H
i
Iw,ν(Tp(E)) := lim←−
n
Hi(Fn,ν, Tp(E)).
Moreover, we define H1Iw,±(Tp(E)) as the exact annihilator with respect to the Tate
pairing
H1(kn,Vp(E)/Tp(E))× H
1(kn, Tp(E)) → Qp/Zp
of the subgroup E±(kn)⊗Qp/Zp ⊆ H1(kn,Vp(E)/Tp(E)) ([Kob03]). Additionally,
we have the following exact sequence relating fine Selmer with the signed Selmer
groups ([Kob03], Theorem 7.3):
0→ H1/S(Tp(E))
α
−→ H1Iw(Tp(E))/H
1
Iw,±(Tp(E)) → X
±(E/Qcyc)→ X
0(E/Qcyc)→ 0.
(3.2)
We note that if Tp(E)/pTp(E) is irreducible as a two dimensional representation
of Gal(Q/Q) over Fp, then H1/S(Tp(E)) is a free Λ(Γ)-module of rank 1 ([Kat04],
Theorem 12.4).
Remark 3.7. Kobayashi uses the Colemanmaps and Kato’s Euler system to show that
the map α in (3.2) is a non-zero map and the cokernel of α is a Λ(Γ)-torsion module
(Theorem 6.3 of [Kob03]). Then Theorem 3.6 and the exact sequence (3.2) give a proof
of the fact that X±(E/Qcyc) is torsion.
The following Theorem tells us about the triviality of finite Λ(Γ)-submodules of dual
signed Selmer groups of an elliptic curve E/Q over the cylcotomic Zp-extension
([Kim13], Theorem 1.1).
Theorem 3.8. Let p be an odd prime and suppose F is a finite extension of Q in which p is
unramified. Let E/Q have good supersingular reduction at p with ap = 0.
(1) Suppose X−(E/Fcyc) is Λ(Γ)-torsion. Then, X−(E/Fcyc) has no nontrivial finite
Λ(Γ)-submodules.
(2) Suppose X+(E/Fcyc) is Λ(Γ)-torsion, and that p splits completely in F. Then
X+(E/Fcyc) has no nontrivial finite Λ(Γ)-submodules.
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Remark 3.9. More generally, suppose E/F is an elliptic curve satisfying the following
conditions (cf. Theorem 4.8 of [LS19]):
(1) E has supersingular reduction at all primes of F above p.
(2) The map λ±cyc from (3.1) is surjective.
(3) H2(FS/F, Ep∞ ) = 0.
(4) H1(Γ, Sel±p (E/Fcyc)) = 0.
Then, X±(E/Fcyc) has no nontrivial finite Λ(Γ)-submodules.
Remark 3.10. See Theorem 4.2 for a similar result of Billot on elliptic curves with
complex multiplication.
Recall the Definition 2.8 of the Euler characteristic. Let Γ = Gal(Fcyc/F) and thus,
Γ is topologically isomorphic to Zp. Hence Γ has p-cohomological dimension equal
to 1. Therefore, if χ(Γ, Sel±p (E/Fcyc)) is defined, i.e. H
i(Γ, Sel±p (E/Fcyc) is finite for
i = 0 and 1, then
χ(Γ, Sel±p (E/Fcyc)) =
#H0(Γ, Sel±p (E/Fcyc))
#H1(Γ, Sel±p (E/Fcyc))
The following Theorem is due to Kim (Theorem 1.2, [Kim13]).
Theorem 3.11. Let E/F be an elliptic curve over a number field F and let Γ = Gal(Fcyc/F).
Suppose E has supersingular reduction at every prime above p. Furthermore, suppose that
Selp(E/F) is finite. Then, χ(Γ, Sel
±
p (E/Fcyc)) is well-defined, and up to a p-adic unit, is
equal to
χ(Γ, Sel±p (E/Fcyc)) = #Selp(E/F) ×∏
ν
cν
where ν runs over all primes of F, cν is the Tamagawa number of E at prime ν and cν =
[E(Fν) : E0(Fν)]. Here, E0(Fν) denotes the subgroup of points of E(Fν) with non-singular
reduction.
Finally, we mention a result of analogous to the above result.
Remark 3.12. Ahmed and Lim in [AL19] extend the above result to compute the Euler
character of the signed Selmer groups of elliptic curves with mixed reduction type
(not necessarily supersingular reduction at all primes above p) over the cyclotomic
Zp-extension (cf. [AL19, Theorem 1.1]).
3.2. Z2p-extension case. We work under the settings of Section 1.3 and follow the
results of Lei and Sujatha [LS19]. Let H = Gal(F∞/Fcyc) ∼= Zp and G = Gal(F∞/F).
In particular, note that:
G/H = Gal(Fcyc/F) = Γ ∼= Zp.
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Recall the left exact sequence (3.1). Let us consider the following commutative diagram
(cf. diagram 5.2 of [LS19]):
(3.3)
0 Sel±p (E/F∞)
H H1(FS/F∞, Ep∞)
H ⊕ν∈S J
±
ν (E/F∞)
H
0 Sel±p (E/Fcyc) H
1(FS/Fcyc, Ep∞) ⊕ν∈S J
±
ν (E/Fcyc).
λH,±∞
α±∞
λ±cyc
β±∞ γ
±
∞=⊕γ
±
ν,∞
Then, Lei and Sujatha proved the following results (cf. Section 5.3 of [LS19]).
Theorem 3.13. The following statements hold true for the maps appearing in (3.3):
(1) If λ±cyc is surjective, then α
±
∞ is injective and coker(α
±
∞)
∼= ker(γ±∞).
(2) The map β±∞ is an isomorphism.
(3) The map γ±ν,∞ is an isomorphism for all ν ∈ S
ss
p,F and for all ν ∈ S with ν 6 |p.
(4) The map γ±ν,∞ is surjective and ker(γ
±
ν,∞) is Λ(Γ)-cotorsion
7 for all ν ∈ S\Sssp,F.
Remark 3.14. In particular, note that if E has good supersingular redaction at all
primes above p, then all the vertical maps in (3.3) become isomorphism maps.
Recall that Theorem 3.3 implies that if X±(E/Fcyc) is torsion, then λ±cyc is surjective.
Furthermore, Lei and Sujatha proved (cf. [LS19], Proposition 5.11):
Theorem 3.15. Suppose X±(E/Fcyc) is torsion. Then the map λ
H,±
∞ in (3.3) is surjective.
Remark 3.16. We have a similar statement as Theorem 3.3 for the map
λ±∞ : H
1(FS/F∞, Ep∞)→ ⊕ν∈S J
±
ν (E/F∞).
Namely,X±(E/F∞) is Λ(G)-torsion exactly when λ±∞ is surjective and H
2(FS/F∞, Ep∞) =
0 (cf. proof of Corollary 5.12 in [LS19]).
Remark 3.17. Using Kim’s control Theorem (cf. Theorem 1.1 of [Kim14]), Lei and
Sujatha proved that (cf. [LS19], Corollary 5.12 and Proportion 5.14):
i) If we assume Selp(E/F) is finite, then H1(H, Sel
±
p (E/F∞)) = 0.
ii) If we assume Selp(E/F) is finite and E has supersingular reduction at every
prime above p, then Hi(G, Sel±p (E/F∞)) = 0 for i ≥ 1.
The following Theorem [LS19, Theorem 5.15] extends Theorem 3.11 to G-Euler characteristic
of Sel±p (E/F∞).
Theorem 3.18. Let E/F be an elliptic curve with supersingular reduction at every prime
above p. Furthermore, suppose Selp(E/F) is finite. Then, χ(G, Sel
±
p (E/F∞)) is well-defined,
and
χ(G, Sel±p (E/F∞)) = χ(Γ, Sel
±
p (E/Fcyc)).
7A Λ(G)-module M is a cotorsion if its Pontryagin dual is a torsion Λ(G)-module.
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4. CONJECTURE A AND µ-INVARIANT OF TORSION PART OF DUAL SELMER GROUP
In this section, we would like to show that Conjecture A implies that the torsion part
of the p-Selmer group have µ-invariant zero. To see this, we need to relate the fine
Selmer group and the torsion part of the Selmer group.
4.1. Results of Billot and Wingberg. Suppose the following statements:
i) E/F is an elliptic curve with complex multiplication by an imaginary quadratic
field K and K ⊂ F.
ii) Ep ⊂ E(F).
iii) p is an odd prime number inert in K.
iv) E has good reduction on all places of F over p.
Let F∞ = F(Ep∞ ). Then, Gal(F∞/F) is topologically isomorphic to Z2p [Bil86, Section
3]. Let G = Gal(F∞/F) and let Λ(G) be the Iwasawa algebra of G. Furthermore, we
assume:
v) The Leopoldt’s Conjecture8 holds for all the intermediate fields in theZ2p-extension
F∞ of F.
In the case where E has good supersingular reduction for some of the primes above
p, we expect the Pontryagin dual of the Selmer group X(E/F∞) to have a positive
rank. On the other hand, assuming conditions (i) to (iv), Billot proved that the
dual of Sel0(E/F∞) is a torsion Λ(G)-module (cf. Proposition 3.8 of [Bil86]). Let
us denote the Λ(G)-torsion submodule of X(E/F∞) by TΛ(G)(X(E/F∞)). We have
the following results by Billot.
Theorem 4.1. [[Bil86], Theorem 3.23] Given the above assumptions (i) to (v), the Λ(G)-torsion
submodule of Pontryagin dual of the Selmer group TΛ(G)(X(E/F∞)) is pseudo-isomorphic
to the Pontryagin dual of the fine Selmer group X0(E/F∞).
Theorem 4.2 ([Bil86], Proposition 3.26). Suppose the assumptions (i) to (v) hold true.
(1) X(E/F∞) has no non-trivial pseudo-null Λ(G)-submodule.
(2) Let K∞ be a Zp-extension of F contained in F∞ and let H = Gal(K∞/F). Suppose
rankΛ(G)(X(E/F∞)) = rankΛ(H)(X(E/K∞)).
Then, X(E/K∞) has no non-trivial pseudo-null Λ(H)-submodule.
Now, suppose F is a number field and K∞/F is aZp-extension of F. The Tate-Shafarevich
group X(E/F) of elliptic curve E/F is defined by the exact sequence
0→X(E/F) → H1(F, E) →
⊕
ω
H1(Fω , E),
8See Section 5.5 and 13.1 of [Was97] for more information on Leopoldt’s Conjecture.
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whereω runs over all archimedean and non-archimedean places of F. We letX(E/F)pi
to be the pi-th torsion subgroup of X(E/F) and X(E/F)p∞ = lim−→i
X(E/F)pi . Let
Fn/F be the n-th layer of the cyclotomic Zp-extension Fcyc/F. Here, we denote
X(E/Fn)p∞ by Xn. The following Theorem by Wingberg ([Win89], Corollary 2.5)
is a generalization of Billot’s result.
Theorem 4.3. Suppose E/F is an elliptic curve with supersingular reduction for every
prime of F over p. Assume that Xn is finite for all n and the Pontryagin dual of the
E(Fcyc)⊗Qp/Zp is Λ(Γ)-torsion. Then,
TΛ(Γ)(X(E/Fcyc)) ∼ X
0(E/Fcyc).
Remark 4.4. Assuming Conjecture A, we get that TΛ(Γ)(X(E/Fcyc)) has µ-invariant
equal to zero.
Remark 4.5. Wingberg shows that the dual fine Selmer group can be identified with
the adjoint of M, where M is the torsion submodule of the dual Selmer group. The
adjoint of M is defined as Ext1
Λ(G)(M,Λ(G)) (cf. page 473 of [Win89]). This adjoint
is pseudo-isomorphic to M, as M is a torsion Λ(G)-module (cf. [PR84], Chapter 1,
Section 2.2).
Remark 4.6. In [Mat19], Ahmed Matar gives a Galois theoretic proof of Wingberg’s
result (Theorem 4.3) with a slightly different hypothesis. See Theorem 1.1 of [Mat19].
4.2. Numerical examples. In this section, we give some evidence for Conjecture A.
We use the results of C. Wuthrich [Wut07].
Theorem 4.7. [[Wut07], Proposition 8.1] Suppose p is an odd prime and E/Q is an elliptic
curve which admits an isogeny over Q of degree p. Then, the µ-invariant of the Pontryagin
dual of the fine Selmer group X0(E/Qcyc) is zero as a Λ(Γ)-module.
Recall that, by Theorem 3.6,X0(E/Qcyc) is a finitely generated Λ(Γ)-module. Therefore,
if E/Q satisfies the hypothesis of Theorem 4.7, then Conjecture A is satisfied for E/Q.
Herewe summarize several numerical examples of elliptic curves E/Q with a description
of their fine Selmer groups for specific primes p discussed in [Wut07], in Sections 9,
10, and 11.
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Cremona label
of E/Q
Mordell–Weil
rank of E
Fine Selmer groups
Sel0p(E/Qcyc)
11A1 0
Trivial for all odd primes p 6= 5.
Finite (but none-trivial) for p = 5
11A2 0 Trivial for all odd primes
11A3 0 Trivial for all odd primes
182D1 0 Conjecture A holds for p = 5
37A1 1 Finite for all odd primes p < 1000
53A1 1 Finite for p = 3
5692A1 2 Conjecture A holds for p = 3
Remark 4.8. Note that the Pontryagin dual of a finite (resp. trivial) group is again
finite (resp. trivial). Therefore, when the fine Selmer Sel0p(E/Qcyc) is finite, its
Pontryagin dual X0(E/Qcyc) is finite (and so pseudo-null). In particular, Conjecture
A holds here.
Remark 4.9. The first three elliptic curves (11A1, 11A2, and 11A3) in the above table
represent all the elliptic curves E/Q of conductor 11 upto isogeny.
5. SIGNED SELMER GROUPS AND p-ADIC HODGE THEORY
In this section, we revisit signed Selmer groups using Fontaine’s p-adic Hodge Theory.
These definitions of signed Selmer groups are due to Lei, Loeffler and Zerbes (see
[LLZ11], [LZ12], [Lei11]). They defined the "local conditions" (cf. (5.2)) on these
Selmer groups using Fontaine’s rings E and E˜ (cf. Section 5.3) over the extension
L(µp∞ )where L is a finite extension of Qp. Recently, Scholze realized that the Fontaine’s
ring E˜ is the tilt of the perfectoid field L̂(µp∞) (cf. Theorem 5.2). This tilting construction
works in general for any perfectoid field and Scholze also generalized Fontaine-Wintenberger
Theorem [FW79b] for Galois groups of arbitrary perfectoid fields and their tilts. Therefore,
a natural question is to ask whether the local conditions on the signed Selmer groups
can be generalized using the tilt of any general perfectoid field and thereby extend
the definition of signed Selmer groups for any general p-adic Lie extension (other
than the cyclotomic extension, for which they are already defined by Kobayashi).
We record this as an open question (cf. see Question 6.9). This is the motivation
behind this section and therefore we start by defining the Fontaine rings using the
language of perfectoid spaces of Scholze [SW18].
5.1. Perfectoid and Tilts. Let L be a finite extension of Qp with ring of integers OL.
Here, we will write ΓL for the Galois group Gal(L(µp∞ )/L) which we identify with
O∗L via the cyclotomic character χL. Fix π a uniformizer of L normalized by |π| = q
−1
where q = |kL| , the cardinality of the residue field kL of L. Here, we will follow the
exposition of [Sch17].
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Definition 5.1. Any intermediate field L ⊂ K ⊂ Cp is called perfectoid, if it satisfies the
following conditions:
(1) K is complete,
(2) The value group |K∗| is dense in R∗>0 , and
(3) (OK/pOK)
p = OK/pOK.
One can show that every element of the value group |K∗| is a pth power.
From the field K of characteristic 0, we will construct a new field K♭ (the tilt of K) of
characteristic p. We first choose an element ̟ ∈ mK such that |̟| ≥ |π| and define
OK♭ := lim←−
(
· · ·
(·)q
−−→ OK/̟OK
(·)q
−−→ OK/̟OK
(·)q
−−→ · · ·
(·)q
−−→ OK/̟OK
)
= {(· · · , αi, · · · , α1, α0) ∈ (OK/̟OK)
N0 : α
q
i+1 = αi for all i ≥ 0}.
Let K♭ be the fraction field of the integral domain OK♭ . Let k be the residue field
of K. The k-algebra OK♭ is perfect and one can further show that, for any element
α = (· · · , αi, · · · , α0) ∈ OK♭ , if we choose ai ∈ OK such that ai mod ̟OK = αi, then
the limit
α♯ := lim
−→
i→∞
a
qi
i ∈ OK
exists and is independent of the choice of lifts ai’s. This gives the (untilt) map
OK♭ → OK
α→ α♯
which is a well-defined multiplicative map such that α♯ mod ̟OK = α0. We have a
multiplicative bijection
OK♭
∼
−→ lim
←−
(·)q
OK
given by
α 7→ (· · · , (α
1
qi )♯, · · · , α♯)
which shows that OK♭ is independent of the choice of the element ̟.
5.2. Values on Tilt. The map
| · |♭ : OK♭ → R≥0
α→ |α♯|
is a non-archimedean absolute value such that
i) |OK♭|♭ = |OK|;
ii) mK♭ := {α ∈ OK♭ : |α|K♭ < 1} is the unique maximal ideal in OK♭ and we have
OK♭/mK♭
∼= OK/mK;
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iii) Let̟♭ ∈ OK♭ be any element such that |̟
♭|♭ = |̟|, thenwe have an isomorphism
OK♭/̟
♭OK♭
∼= OK/̟OK.
Since K♭ is the fraction field of the integral domain OK♭ , the norm | · |♭ extends to a
non-archimedean absolute value on K♭. One can show that the value group of K♭
under the norm | · |♭ is same as the value group of K under | · |. Under the norm
| · |♭, OK♭ is the ring of integers of K
♭. Further, K♭ with | · |♭ is a perfect and complete
non-archimedean field of characteristic p. When K = Cp, Lemma 1.4.10 of [Sch17]
shows that its tilt C♭p is algebraically closed.
An important example of perfectoid fields is the completion L̂(µp∞) of the field
L(µp∞ ) (cf. Proposition 1.4.12 of [Sch17]). We have a natural continuous action (cf.
Lemma 1.4.13 of [Sch17]) of Gal(Qp/L) on C
♭
p which is continuous with respect to
the topology induced by | · |♭.
The subgroup Gal(Qp/L(µp∞ )) fixes L̂(µp∞)
♭
⊆ C♭p and hence we have a continuous
action of ΓL = Gal(L(µp∞ )/L) on the tilt L̂(µp∞ )
♭
. Let ε = (· · · , εi, · · · , ε1, ε0) ∈
L̂(µp∞ )
♭
such that ε0 = 1, ε1 6= 1 and let X = ε− 1. Then, we have a well defined
embedding of fields (cf. p. 50 of [Sch17])
(5.1) k((X))
θ
−→ L̂(µp∞ )
♭
,
where k is the common residue field of L(µp∞ ), L̂(µp∞ ), and L̂(µp∞ )
♭
(cf. Proposition
1.3.12(i) and Lemma 1.4.6(iv) of [Sch17]). We denote the image of θ by EL. Then,
(EL, | · |♭) is a complete non-archimedean discretely valued field with residue field k
which is preserved by the ΓL-action on L̂(µp∞ )
♭
.
5.3. Perfect hull. Suppose E is any field of characteristic p > 0 and let E/E be an
algebraic closure. Then, we define
Eper f := {a ∈ E : ap
m
∈ E for some m ≥ 0},
which is called the perfection (or perfect hull) of E. In particular, Eper f is the smallest
intermediate field of E/E which is perfect. Here are two most crucial Theorems
whose proofs can be found in [Sch17] (Proposition 1.4.17 and Proposition 1.4.27).
Theorem 5.2 (Scholze). Let EL be the image of the injective map θ in (5.1). Then, we have:
(1)
̂
E
per f
L = L̂(µp∞ )
♭
,
(2) Ê
sep
L = C
♭
p.
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For simplicity, we letE := E
sep
L and E˜ :=
̂
E
per f
L . We can identifyHL = Gal(L/L(µp∞ ))
with Gal(E/EL); this is Fontaine-Wintenberger’s Theorem [FW79b]. (This now holds
for more general perfectoid fields by the work of Scholze). By continuity, the action
of Gal(L/L) on E extends uniquely to an action on E˜ and we let E˜L := E˜
HL . Let A˜
be the ring of Witt vectors of E˜, B˜ = A˜[p−1].
Recall from (5.1), that EL ∼= k((ε− 1)) and let E
+
L
∼= k[[ε− 1]] be its valuation ring.
Let A+L be a complete regular local ring of dimension 2 such that A
+
L /(p)
∼= E+L .
Such a lift exists and it is unique ([Sch06] p. 699 and [Ber04], Section III.1.1). Let AL
be the p-adic completion of A+L [
1
ε−1 ]. Define B
+
L := A
+
L [
1
p ] and BL := AL[
1
p ].
The rings AL, A
+
L , BL, and B
+
L are endowed with an action of Γ, Frobenius ϕ, and
its left inverse ψ. When L is unramified, we have simple formulae for Γ, ϕ, and
ψ-action. Write X := ε− 1 and γ ∈ Γ, then we have (cf. [LZ14, 2.3]),
γ(X) = (1+ X)χL(γ) − 1,
ϕ(X) = (1+ X)p − 1,
ϕ ◦ ψ( f (X)) =
1
p ∑
ζ p=1
f (ζ(1+ X)− 1) .
Let B be the p-adic completion of the maximal unramified extension of BQp =
AQp [p
−1] in B˜ = W(E˜)[ 1p ] = A˜[
1
p ] and let A = B ∩ A˜.
These rings are also stable under Frobenius and the absolute Galois group GQp of Qp
(under this identification, AL = A
HL). We write RepZp(GQp) (resp. RepQp(GQp)) for
the category of finitely generated Zp-modules (resp. finite dimensional Qp-vector
space) with a canonical action of GQp .
For a p-adic representation T ∈ RepZp(GQp) (resp. V ∈ RepQp(GQp)), we define a
free finitely generated module over AL of rank equal to rankZp(T) (resp. a finite
dimensional vector space over BL of dimension equal to dimQp(V)) by DL(T) =
(A ⊗Zp T)
HL (resp. DL(V) = (B⊗Qp V)
HL). These are equipped with a commuting
semi-linear action of ϕ and ΓL. Further, we can define the left inverse ψ of ϕ on A
which then extends to a left inverse ψ of ϕ on DL(V) and DL(T) (cf. [LZ12]).
5.4. Iwasawa Cohomology. T ∈ RepZp(GL) and let L∞ be a p-adic Lie extension of
L. We define
HiIw(L∞, T) := lim←−
K
Hi(K, T),
where K varies over the finite extension of L contained in L∞ and the inverse limit is
taken with respect to the corestriction maps.
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If V = Qp ⊗Zp T, then we write
HiIw(L∞,V) = Qp ⊗Zp H
i
Iw(L∞, T),
which is independent of the choice of the lattice T ⊂ V. These are finitely generated
Λ(G)-modules, where G = Gal(L∞/L) (cf. Theorem A.2 of [LZ14]).
5.5. Fontaine Isomorphism. In the case when L∞ = L(µ∞), we have a canonical
isomorphism of Λ(ΓL)-modules:
h1Iw,T : DL(T)
ψ=1 ∼=−→ H1Iw(L(µp∞ ), T).
Further, if L is an unramified extension of Qp and V = Qp ⊗Zp T is a crystalline
representation of Gal(L/L) with non-negative Hodge-Tate weights and no quotient
isomorphic to Qp, then we have
h1Iw,T : NL(T)
ψ=1 ∼=−→ H1Iw
(
L(µp∞ ), T
)
where NL(T) is the Wach module associated to T, due to Berger (the reader should
see Section 2.7 of [LZ14] as a reference for these results).
5.6. IwasawaCohomology and µ-invariant. Recall the structure Theorem of finitely
generated modules over the Iwasawa algebra (see Theorem 2.9 for more details). By
Shapiro’s Lemma, we know that for L∞ = L(µp∞ ), we have
HiIw(L∞,V) = H
i
(
GL,OL[[ΓL]]⊗OL V
)
,
where the right hand side is the usual Galois cohomology with continuous cochains
and GL = Gal(L/L)). We have the following fact from [SV16, Lemma 5.12].
Lemma 5.3. i) HiIw(L∞,V) = 0 for i 6= 1, 2.
ii) H2Iw(L∞,V) is a finitely generated OL-module (and therefore has µ-invariant zero).
5.7. p-adic Hodge Theory and Signed Selmer groups. In this Section, we follow
the exposition in [LZ12] and discuss how we can define signed Selmer groups using
p-adic Hodge theory.
5.7.1. Good supersingular elliptic curves. Suppose E is an elliptic curve over Q. Let
p ≥ 3 and ap = 0. Let T := Tp(E) be the p-adic Tate module of E and write V =
Tp(E) ⊗Zp Qp which is a crystalline representation of GQp with Hodge-Tate weights
0, 1. Let {v+, v−} be a basis of Dcris(V) = (Bcris⊗Qp V)
GQp (where Bcris is one of the
Fontaine’s period rings) such that the matrix of ϕ on Dcris(V) in this basis is[
0 −1
p 0
]
.
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Let q = ϕ(π)/π where π := [ε]− 1. Define
log+(1+ π) = ∏
i≥0
ϕ2i(q)
p
,
and
log−(1+ π) = ∏
i≥0
ϕ2i+1(q)
p
,
where ε = (ε(i)) was the fixed element in E˜ such that ε(0) = 1, ε(1) 6= 1, and [ε] is the
Teichmüller lift of ε ∈ E˜. Suppose[
n+
n−
]
= M
[
v+
v−
]
,
where
M =
[
log+(1+ π) 0
0 log−(1+ π)
]
.
Then, n+ and n− from a basis of the Wach module N(T) (cf. Section 3.1 of [LZ12],
see also [LLZ10]).
Suppose L is a finite extension of Qp. Then, any element
x ∈ NL(T)
ψ=1 ∼= DL(T)
ψ=1 ∼= H1Iw(L(µp∞ ), T)
can be written as
x = x+v+ + x−v− = x
′
+n+ + x
′
−n−,
where x+ = x′+ log+(1+ π) and x− = x
′
− log−(1+ π). Then, for i = ±, we define
H1Iw(L(µp∞ ), T)
i := {x ∈ NL(T)
ψ=1 : ϕ(xi) = −pψ(xi)}.
For n ≥ 1, we define H1(Ln, T)i to be the image of H1Iw(L(µp∞ ), T)
i under the natural
projection map
H1Iw(L(µp∞ ), T)→ H
1(Ln, T),
where Ln = L(µpn ).
In [LLZ11], Section 5.2.1, the authors define two Coleman maps
Coli = H
1
Iw(L(µp∞ ), T) → Λ(Γ),
and by remark 3.2 of [LZ12], we know that
H1(L(µp∞ ), T)
i = H1Iw(L(µp∞ ), T) ∩Ker(Coli).
Let H1f (Ln, Ep∞)
± be the exact annihilator of H1(Ln, T)± under the Pontryagin duality
[∼,∼] : H1(Ln, T)× H
1(Ln, E∞)→ Qp/Zp.
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Now, suppose F is a finite extension of Q and the elliptic curve E is defined over Q.
Let Fν,n := Fν(µpn) for a prime ν of F. Let S be a finite set of primes of Q containing
p and all the primes where E has bad reduction and the infinite primes. For v ∈ S,
define the "new" local conditions
(5.2) J±v (Fn) =
⊕
wn|v
H1(Fwn ,n, Ep∞)
H1f (Fwn ,n, Ep∞)
±
,
for wn prime of Fn over ν.
We write J±v (Fcyc) = lim−→n
J±v (Fn). We define
Sel±p (E/Fn) := ker
(
H1(FS/Fn, Ep∞) →
⊕
v∈S
J±v (E/Fn)
)
;
Sel±p (E/Fcyc) := lim−→
n
Sel±(E/Fn).
Further, Lei shows that the "local conditions" H1f (Fwn ,n, Ep∞)
± in the definition of
J±v (Fn) exactly coincides with E
±(Fwn ,n)⊗Qp/Zp of Kobayashi (see the paragraph
after the proof of Lemma 4.12 of [Lei11]). Therefore, this p-adic Hodge theory definition
of Selmer groups is the usual Kobayashi’s ± Selmer groups.
6. ANALOGY WITH THE ORDINARY REDUCTION CASE
Here, we list some of the main results proved in the case where we consider elliptic
curves with good ordinary reduction over primes above p andwe can find analogous
results for elliptic curves with supersingular reduction. The main take away here is
that, many of the properties that the Selmer groups enjoy in the ordinary reduction
case are observed for the signed Selmer groups when the reduction type is supersingular.
Suppose p ≥ 5 is an odd prime. We have the following Conjecture by Mazur
([Maz72])9.
Conjecture 6.1. Suppose E/F has good ordinary reduction at all primes above p. Then,
X(E/Fcyc) is a finitely generated
10 Λ(Γ)-torsion module.
Remark 6.2. This has been shown in several cases. For example, Mazur proved in
[Maz72] that, if Selp(E/F) is finite, then the above Conjecture holds. Furthermore,
Kato in [Kat04] proved this Conjecture for the case where E/Q is an elliptic curve
defined over Q.
9This Conjecture can be extended to other Galois extensions where the Galois group is a general
p-adic Lie group.
10It is not hard to show that, for any Zp-extension K∞/F of F, X(E/K∞) is a finitely generated
module over the Iwasawa algebra of Gal(K∞/F) (cf. Lemma 2.4 of [CS10]).
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Often, the results proved for elliptic curves with good ordinary reduction motivate
results in the supersingular reduction case like Theorem 3.8. We have the following
(cf. [Gre97]).
Theorem 6.3. Suppose E/F is an elliptic curve with good ordinary reduction at all primes
above p. Assume X(E/Fcyc) is a finitely generated torsion Λ(Γ)-module. Furthermore,
assume E(F) has no element of order p. Then,X(E/Fcyc) has no non-zero finite Λ(Γ)-submodule.
The following Theorem (cf. [PR93]) is analogous to Theorem 3.3.
Theorem 6.4. Suppose p is an odd prime and E/F is an elliptic curve with good ordinary
reduction at all primes above p. Then,X(E/Fcyc) is a finitely generated torsion Λ(Γ)-module
if and only if the sequence
(6.1) 0→ Selp(E/Fcyc)→ H
1(FS/Fcyc, Ep∞)
λcyc
−−→
⊕
ν∈S
Jv(E/Fcyc)
is short exact and H2(FS/Fcyc, Ep∞) = 0.
Let
F˜∞ := F(Ep∞ ) = ∪n≥0F(Epn ).
F˜∞ is often referred as the trivializing extension of F (with respect to E and prime
p). Let X(E/F˜∞) denote the Pontryagin dual of the Selmer group Selp(E/F˜∞) and
G˜ := Gal(F˜∞/F). We mention the following result of Ochi-Venjakob (cf. [OV02],
Theorem 5.1).
Theorem 6.5. Let E/F be an elliptic curve without complex multiplication. Let p ≥ 5
and suppose E has good ordinary reduction at all primes above p. Moreover, assume that
X(E/F˜∞) is a finitely generated Λ(G˜)-torsion module. Then, X(E/F˜∞) has no non-zero
pseudo-null Λ(G˜)-submodule.
Remark 6.6. The reader may also look at a similar Theorem by B. Perrin-Riou for the
CM case ([PR81], Theorem 2.4).
Recall the definition 2.8 of Γ-Euler characteristic. The following Theorem is analogous
to Theorem 3.11 (cf. Theorem 3.3 of [CS10]).
Theorem 6.7. Suppose E/F has good ordinary reduction at all primes above p and Selp(E/F)
is finite. Then, χ(Γ, Selp(E/Fcyc)) is well-defined is given by
χ(Γ, Selp(E/Fcyc)) =
#X(E/F)p∞
#(E(F)p∞ )2
×∏
ν
c
(p)
ν ×∏
ν|p
(d
(p)
ν )
2.
Here,
(1) ν runs over all finite primes of F.
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(2) cν is the Tamagawa number of E at prime ν and cν := [E(Fν) : E0(Fν)], where
E0(Fν) denotes the subgroup of points of E(Fν) with non-singular reduction.
(3) dν := #(E˜ν( fν)), where fν is the residue field of Fν and E˜ν( fν) is the reduction of E
modulo ν modulo ν.
(4) c
(p)
ν (resp. d
(p)
ν ) is the largest power of p dividing cν (resp. dν).
Now, suppose E/F is an elliptic curve with complex multiplication by the ring of
integers OF. Suppose F is an imaginary quadratic field with class number one. Let
p be an odd prime such that it splits in F, pOF = pp and suppose E has good
reduction at p and p. Since E/F has complex multiplication, then G˜ = Gal(F˜∞/F) is
topologically isomorphic to Z2p and Λ(G˜)
∼= Zp[[T1, T2]]. We have (cf. Proposition
3.2 of [Ram11]):
Theorem 6.8. X(E/F˜∞) is a finitely generated torsion Λ(G˜)-module and µG˜(X(E/F˜∞)) =
0.
To conclude, we pose two questions that remain open.
Question 6.9. Can we define the signed Selmer groups for general p-adic Lie extensions of
a given number field?
In cases where signed Selmer groups are defined, many of the results that have been
proved for the Selmer groups of elliptic curves with good ordinary reduction are
expected to be true in the supersingular reduction for signed Selmer groups under
suitable hypothesis. For example, we may ask:
Question 6.10. Is it possible, under suitable conditions for an elliptic curve with supersingular
reduction over primes above p, to prove that the µ-invariants of the Pontryagin dual of the
signed Selmer groups (also known as plus/minus µ-invariants) vanish over the cyclotomic
extension?
Answering these questions should involve some new ideas.
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